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ABSTRACT g 004

7

Planetary approach guidance, an on-board optical guidance system
for a planet-bound spacecraft, functions as the spacecraft approaches

the target planet. Such a system should attain an accuracy greater
than that obtainable from Earth-based radio guidance. In this Report,
the need for planetary approach guidance is discussed, a set of orbital

parameters especially developed for the problem is presented, and
analytic differential corrections are derived. Next, covariance matrices
for orbital parameters are given. Finally, a specific mechanization is

discussed, measurement errors are described, and parametric curves

showing accuracy are presented.

fuitle

I. INTRODUCTION

Present injection guidance systems can deliver a space-
craft to Mars or Venus with an accuracy of about 250,000
km (1¢). Earth-based radio midcourse guidance can
effect a considerable improvement, yielding an accuracy
of perhaps 1000 ki (1 o). The errors in radio guidance
are due to (a) errors in performing midcourse maneuvers
and (b) orbit-determination errors, which result pri-
marily from errors in physical constants such as the ephe-
meris of the target planet and the Astronomical Unit.

If more accuracy is required, as would be the case in
landing near a specific point, measurements relating the
spacecraft directly to the planet are necessary. In this
Report, a self-contained optical system is analyzed for
this purpose. As we approach the planet, measurements
are made of the angles between the target planet and
other suitable bodies, the orbit is then determined, and

finally, the necessary maneuvers are computed and exe-
cuted. Several maneuvers can be made, as needed.

In Part 11, a set of orbital parameters especially adap-
ted for this problem is described. In Part III, an orbit-
determination accuracy analysis is carried out using these
parameters. A simplified case is employed in order to
facilitate the analysis. Of special interest is the way in
which biases in the measurement data can combine with
the orbital parameters, and a technique is presented for
treating this problem. Finally, in Part IV, a specific
mechanization is described and analyzed. For this mech-
anization, it is found that accuracy can be improved over
radio guidance, although not as markedly as might have
been expected, and that the accuracy is limited by a
bias in the measurement system which locates the center
of the planet.
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ll. DEVELOPMENT OF ORBITAL PARAMETERS

In order to obtain an analytic formulation which will
facilitate physical insight into this problem, a conic or
two-body approximation will be employed. This approxi-
mation agrees well with the true motion out to Egorov’s
“Sphere of Action” (Ref. 1), which for Mars and Venus
is about V2 million km. The differential corrections, being
derivatives, agree somewhat further; the conic differen-
tial corrections agree with the exact ones to within a few
per cent out to 4 to 5 million km from Mars or Venus
(Ref. 2). Of course, in exact work, precise differential
corrections computed from an n-body simulation must
be used.

For orbit determination, the partial derivatives of ob-
servables with respect to orbit parameters are required.
In selecting a set of orbit parameters, we could choose
the classical elements, or position and velocity at some
epoch, or any other convenient set. Since, in approach
guidance, we are especially interested in the amount by
which the spacecraft misses the planet, a set of orbital
parameters which includes the miss parameter would
have advantages. In Ref. 3, the miss or impact para-
meter B is defined as the vector directed from the center
of the planet perpendicular to the incoming asymptote
of the hyperbola. It is resolved into components B+ R
and B * T, where R and T are unit vectors perpendicular
to S, a unit vector along the incoming asymptote; T is
in a reference plane such as the ecliptic, and R § T form
a right-hand system. Now, define a coordinate system
XYZ (ijk) centered at the planet and such that k =
— 8;,i =T, and j = — R,, where the subscript s de-
notes the values on the standard or reference trajectory.
Then, the first four of our six orbit parameters ¢;, j = 1,
2, ++- B, are defined as

g, =Bi=B-T,

g.= —S*i=—8"T,

(1)
gs=B-j= —B-R,

gi= —S+:j=8-R,

We use R, and T instead of R and T in order to prevent
the XYZ reference coordinate system from changing
when the trajectory is perturbed. The parameters g, and
g represent miss distances, and g, and ¢, represent the

angular orientation of the asymptote; g and g, remain
to be defined.

Since B+ S = 0, we have
S =(S.,8,8:) = (—qg, —gu VI ¢ — ¢ qg)

2)

+q. (

B = (BQ" B”’ BZ) = (qh qs, — (]1Q2:_2q;442>
VI—gqi—gq;

We shall be interested in the properties of hyperbolas,
and formulas are presented below for reference. Deriva-

tions are not given but may be found in the literature
(e.g., Ref. 4).

From Fig. 1,
¢t = A+ b?
e=2%
A
cos¢=%=% 3)
=B

v
S
}0
7
/I
/s
s P
! b
} U
\ Ale—1)

Fig. 1. Geometry of hyperbola
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Note that A > 0. If C, and C; are, respectively, angular
momentum and vis viva, then b= C,C;'/? and A= yu/C,,
where p is GM for the planet. The vectors shown in Fig.
1 are all unit vectors except B.

From Fig. 1,

P

[l
w
+

o o
ol oo

(4)

fl
w
SIS ok

Q

Now, let F be a quantity which is analogous to the
eccentric anomaly for ellipses. Reference 4 gives

A+ r=AecoshF

Wt—T)= —F +esinh F ©)

where r is the distance from the focus, T is the time of
periapsis passage, and v, the mean motion, is given by
v = u? A-3/2, We are generally interested in motion
prior to periapsis and hence, shall use, in Fig. 1, the
segment of the hyperbola in the lower left-hand quad-
rant. Thus, F will be negative.

For simplicity, we shall often use

coshF = f

S (6)
sibhF = —f —1
Nuie iat £q. (6) may oniy be used for ¥ < U.
From Ref. 5,
r = — AP (cosh F — ¢) + bQ sinh F )
Using Eq. (4) gives
r = S5 + Bg (8)
where
_—Af b m—g—x
== e Ae VE—1+4

p=1-=(f-vF1)

We now return to the definition of ¢; and g.. Observe
that (q., g5, g2, q.) define the asymptote. (Recall that
four numbers are required to define a line in three
dimensions.) It remains, then, to prescribe the motion
along the asymptote. Time of periapsis and energy would
appear to be a logical choice. Consider first the time of
periapsis. From Eq. (5), we have, for F large and negative,

A +rzé25exp —F

, )
Wit —T)~ —F—?exp—F
Substituting (recall that e is eccentricity),
A+r

Wt—T)=—

+log2+log(A+r)—logA—loge
(10)

Now, A = u/C;, and hence, A depends only on the
energy. But e = (1 + b?/A?)"? and thus, the eccen-
tricity depends on the miss parameter. Of course, we
expect that for a given energy and initial distance, a
trajectory which hits the center of the planet would
arrive at periapsis sooner than a trajectory which misses;
the time difference is given by AT = (log €)/v. (Note that
t — T is negative in the regions of interest.) Since the
dependence of AT on b is second order, the use of T,
the time of periapsis, as an orbit parameter may gener-
ate undesirable nonlinearities. Also, the use of T would
cange hathercome coupling between lateral diffciential
corrections and those along the asymptote. These diffi-
culties can be circumvented by adjusting the time of
periapsis by an amount AT. Let

A

log e
1 4

Wt — qs) =loge — F + esinh F

g =T =T~
(11)

Finally, we set g; = C,, where C,, the vis viva, is twice
the energy and equals the square of the asymptotic
velocity.

The differential corrections relating observables to
orbital parameters are given in the Appendix.
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lll. ORBIT DETERMINATION FOR APPROACH GUIDANCE

The Gauss-Markov (Ref. 6) formulation will be used
for orbit determination. In order to illustrate the basic
character of the process, a simple case will first be treated
using the following assumptions:

1. The nominal path hits the center of the planet, and
in the region of interest, the spacecraft is not near
the planet; i.e., the path is almost a straight line.

2. At each of i points, where i = 1, 2, -+ N, three
measurements are made: 6}, the angle between the
center of the planet and a star in the direction of
the + X-axis; 62, the angle between the center of the
planet and a star in the +Y-direction; and y;, the
angular diameter of the planet.

3. The noise on the measurements is random and sta-
tionary; no cross- or auto-correlations are present.

4. No physical constant uncertainties, data biases, etc.,
are present.

5. No a priori data are available.

Later, we shall weaken these assumptions.

For a hitting trajectory, we can use the position de-
rivatives of Eq. (A-8). Also, since we assume that the
spacecraft is not close to the planet, f is large and g ~ 1.
From the Appendix, we have U = (1, 0, 0); thus, from
Eq. (A-10),

06} 09! 06 08
_.lz(__*,_@,__l)z i,o,o) (12)
or ox Oy 0z T;

where r; is the nominal value of r at the ith measure-

ment. Also, 98:/or = (0, 1/r;, 0) and dy:/or = (0, 0,
—d/r3).

Now, let 80' be the column matrix with elements
88! ,i= 1,2, --- N.Similarly, define the column matrices
602 and 8¢ .- Finally, let 50 be a column matrix with
(partitioned) elements 50, 02 and by. We may then
write 8@ = A8q, where A is in the 3N X 6 matrix of
derivatives of observables (angles) with respect to the
orbit parameters g;, and 8q is the column matrix of
perturbations with elements 8q;, = 1,2, --- 6.

By the use of Egs. (A-9) and (A-11), we have

A, © o
A={ © A, ¢ (13)
® o A

where ® is the N X 2 zero matrix, A, is N X 2 having
elements 1/r; in the first column and 1’s in the second
column, and A, = A,. Similarly, A; is N X 2 having
elements dr;/r? in the first column and 1/2riqs in the
second column.

The normal matrix is J = A’A-'A, where the prime
denotes transpose and is the covariance of the noise on
the observations. Since we have assumed stationary,
uncorrelated noise, we may write

AL o [
A=l ¢ 2 o (14)
o LA |

where A is 3N X 3N, I is the N X N identity matrix,
and @ is the N X N zero matrix. The mean-square noise
on the observations of 8¢, §¢°, and 3y are, respectively,
AZ,AZ and AZ.

Finally,

J. (] ]
J=f ¢ J, o (15)
® o J
where J, = (1/A%) A’A,, and J. and J; are similarly
defined.

The covariance of dq*, the estimator of Bq, is the in-
verse of the normal matrix. If T is the covariance of the
estimator, then I' = J-'. Note that to obtain J-* from Eq.

(15), we simply invert each partitioned element, letting
o1 =0

Observe that the determination of g, and ¢, depends
only on ¢, and no correlation exists between the de-
termination of (g, g.) and any of the other four param-
eters.

Next, write

ol P120102
e 16
P120102 "2 ( )

where we read o2 and o?, respectively, as the variance of
the estimation of g, and g., with p,, being the correlation
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coefficient. From the preceding, we have

2 —
o2=N

2 =
o2 (

P120162 — —

a7

STk

I+ ol

1
P
1
i

5

~
N
STk

where

i

D=NTA-(SEY=SN(E-2)

i=1 j=1

and in the double sum of Eq. (18), each pair (r;, r;) is
taken once and only once.

From Egs. (17) and (18), we see, as expected, that a
single measurement (N = 1) is inadequate to determine
the orbit. Also, to minimize o2, we would like to choose
pairs of points (r;, r;) so as to maximize (1/r; — 1/r;).
Indeed, to maximize D, we should take half of the
measurements at the farthest distance and the other half
at the closest. In practice, this is probably not feasible,
and, at any rate, the noise on two closely spaced observa-
tions is not likely to be uncorrelated.

Figure 2 illustrates the behavior of o,,0,, and py.. In
the Figure, it is assumed that ten measurements are made
(N = 10), and that they are equally spaced between
r1 and ry,. Letting r, = kry,, Fig. 2 gives plots of pyz, ¢/, =
01/MT10, and o) = o,/Mi710. Note that p,, approaches —1
as k approaches unity.

An a priori estimate of the orbit parameters ¢ may be
available from, say, radio tracking. If this estimate is q*
with covariance A,, then ' = (A;! + J), where T is
the covariance of the estimator which combines both
a priori and tracking data, and J is the normal matrix of
the tracking data.

Suppose for simplicity that A, is diagonal. Let the first
two terms along the diagonal be 8 and 82 thus, §,
represents the uncertainty in our a priori knowledge of
g1, etc. If T, is the upper left-hand 2 X 2 matrix in I,
then we may write

Y: pny:
r,= ( ' 2 ) (19)
PYiYz V2

10.0

8.0

-
/
/
/

Vi

20

P2y T 9

0.8 7 /

oS 05
/

04

02

[ X}

0.2 Q4 06 o8 10
&

Fig. 2. Accuracy, simplified model, no a priori data

Proceeding as before, using the data-gathering pattern
and noise model of the preceding example,

. Al
(v
2 2
1
&

N 1 1 R A‘ Az N 1
1 1
Zz(n r,-) T ee T wl
i= i=1
(20)

where we may regard v, as our a posteriori uncertainty
in q.. In Fig. 3, ¥/ is plotted, where v, = y:/A:r10. The
data-gathering pattern of Fig. 2 was again used. The four

AN



JPL TECHNICAL REPORT NO. 32-631

100
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60 /

s ]/' —
> Y% ]
[ _—
//,//V
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&

Fig. 3. Accuracy, simplified model, with a priori data

curves are described as follows: Curve 1, 8; = §, = «
(No a priori data. This is o/, of Fig. 2.); Curve 2, §, = oo,
8, = M\, (A priori data on g, only.); Curve 3, 8, = oo,
3, = A, (A priori data on q. only.); Curve 4, §, = A 7,,
8, = A, (A priori data on g, and g..). As expected, addi-
tional information diminishes the variance of the estimate.

Biases may be present in the measurement equipment.
A bias is defined as an error affecting the measurements
and fixed over a given experiment. Thus, the biases may
be treated simply as additional orbit parameters.

Care must be exercised, however, if the biases affect
the measurements in the same manner as the orbit
parameters. For example, in the case just treated, we
have (for straight-line motion) 8 — »/2 = q./r + q..
If a bias g is present in the apparatus which measures
6,, we observe, instead, q./r + g, + ¢;. Thus, ¢, and q:
occur in linear combination and cannot be dissociated

by observing 6. If g, is included as an orbit parameter,

J will be singular. Of course, a priori data afford a con-
ditioning which may permit I to exist.

For almost straight-line motion, angle biases corrupt
g. and g,; similarly, biases in locating the center of the
planet corrupt ¢, and g, assuming that this bias is some
fraction of the diameter of the planet (rather than a fixed
angle), as would occur when the sensor which is attempt-
ing to locate the center of the planet selects some fixed
point other than the center (of the visible disk) and
judges this fixed point to be the center.

Even without a priori data, we can estimate q. and q,
when angle biases are present; similarly, we can estimate
g, and g; when planet-sensor biases are present. How-
ever, when both types of bias are present, neither (g,
qs) nor (q., q.) can be estimated without a priori data.
(Note that in the near vicinity of the planet, the curva-
ture of the trajectory will permit the orbit parameters to
be distinguished from the biases.)

We may generalize by writing
50 = A.8q. = (AT) (g;‘) = ABq + Tdq,  (21)
b

where A, = (AT), 50 is the measurements, and 5q,
is the extended matrix of generalized orbit parameters
consisting of the original parameters 8q and biases 8q;.

Suppose now that in Eq. (21) a linear combination of
8q and 8q, exists which our measurements (character-
ized by A,) do not permit us to separate. Then, we
should be able to write 8@ = A(8q + Cbdqp); hence,
T = AC, where C describes the linear relationships be-
tween biases and orbit parameters.

Note that if we define 8Q such that 8Q = (IC)bq,,
where I is the identity matrix, we have 80 = ABQ.
Therefore, if biases are present but are unknown or
ignored, it is 5Q that we estimate rather than 5q.

Finally, we shall develop an expression which displays
the effects of the linearly dependent biases on the de-




termination of the orbit parameters 8q, when a priori
data are available. Let

_(A @

r=(g5) (22)
where, as before, A, is the covariance of our a priori
knowledge of 8q, B is the covariance of our a priori
knowledge of the biases bqp, and @ is a zero matrix. Let-
ting Jo = A’A*A,, 1= A+ J,. By the use of the
matrix identity given in Ref. 7, we can show that Iy, the
a posteriori covariance of 8q, i.e., the upper left-hand
portion of I',, is given by

r=A7 +J" + CBC) (23)
where, as before, J = A’A1A.

Finally, the Schmidt-Kalman form is given. Suppose
that prior to the (i + 1) measurement point we have an

JPL TECHNICAL REPORT NO. 32-631

estimator of the orbital parameters (including biases)
with covariance I';. Suppose further that at the (i + 1)
point, we make measurement(s) having partial deriva-
tives A;,; and (measurement) covariance X\;,,. Then, if
the noise on the (i + 1) measurements is not correlated
with previous data, we have, from Ref. 6, ;1 =T+

1+1

A’ N1 A . Using again the identity from Ref. 7, we

i+1 1+1

obtain

ra="r; [I - A;“ ()‘iu + Ai+1 r; Azﬂ)_l A, ri]
(24)

The estimator may be obtained similarly. This form,
which is due to Schmidt (Ref. 8) and Kalman (Ref. 9), is
convenient when estimates and/or covariances are de-
sired at each measurement point.

IV. RESULTS FOR A SPECIFIC MECHANIZATION

It is assumed that the spacecraft is oriented by a two-
axis Sun sensor which points the roll axis toward the
Sun, and by a single-axis star sensor which acquires the
star Canopus and holds the spacecraft fixed in roll. An
optical device which measures the angular diameter of
the planet and finds the center of the visible disk com-
pletes the measurement system.* The angle between the
Sun and the planet, called the cone angle, is taken as one
measurement type; the angle between the Sun-space-
craft-planet and Sun-spacecraft-Canopus planes, called
the clock angle, as the second. (Notice that cone and
clock angles are analogous to colatitude and longitude,
respectively, on a celestial sphere with the Sun at the
pole.) The angular diameter of the planet is the third
measurement type. The errors in cone and clock angles
may be correlated at each measurement point, since each
uses the planet-center finder as well as common mount-
ings and compounds. These correlations can be handled

*The Sun sensor and the star tracker have been mechanized and
used. The Celestial Sensors Group of the Guidance and Control
Division at JPL is designing an instrument to be used to locate
the center of a partially illuminated disk as well as to measure
its angular diameter.

easily by the techniques described earlier if one assumes
that there is no correlation between adjacent measure-
ment points.

The system described above has been simulated with
an IBM 7094 program using the differential correction
formulas of the Appendix. Both Gauss-Markov and
Schmidt-Kalman forms were programmed; the numerical
results obtained were identical providing that the a priori
covariance matrix was adequate to prevent ill-conditioning
of the a posteriori covariance matrix.

A typical trajectory, launched December 22, 1966, and
reaching closest approach to Mars on July 11, 1967, was
used to illustrate the results of this on-board system. The

encounter geometry is such that the orbital parameters
are q' = (14,000 km; 0; —5000 km; 0; 0; 40.3 km?/sec?).

For the purposes of this study, a relatively pessimistic
a priori covariance matrix was generated by mapping the
results of a hypothetical post-midcourse orbit determina-
tion to the parameters used to describe the approach
trajectory. It was assumed that the orbit determination
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had standard deviations associated with velocity com-
ponents of 0.003 m/sec along the velocity vector and
0.03 m/sec perpendicular to it and with position com-
ponents of 30 km in each direction, with epoch at mid-
course time.

A standard measurement pattern is defined to be 100
measurements spaced at equal intervals, the first at 4X10°
km and the last at 0.2 X 10° km. The cone- and clock-
angle measurements were assumed to have gaussian
noise with standard deviations of 0.1 and 0.16 mr, re-
spectively, and a correlation coefficient of 0.01. The noise
on the planetary angular-diameter measurements was
assumed gaussian with a standard deviation of 1.0 mr.*
The biases, though constant for any given flight, are zero
mean gaussian variables for an ensemble of flights. The
cone- and clock-angle biases were assumed to have
standard deviations of 1.0 and 1.9 mr, respectively, with
a correlation coefficient of 0.05. The planet-center finder
bias was assumed to have a standard deviation of 100 km
in two orthogonal directions.

*The approach phase begins when the angular diameter is 0.1
deg, at which time its measurements are much less precise than
the other two angular measurements and do not contribute sig-
nificantly to the orbit determination.

4000
20001 4 x MEASUREMENT INTERVAL
2 X NOISE
STANDARD CASE
1000 7777
£ s Y/ a
5 y/avasi

400 Wi /

77/
4%
2,

200 1/2 X NOISE
—— 174 X MEASUREMENT INTERVAL
100
0 1 2 3 4 5

R, millions of km

Fig. 4. Accuracy, hypothetical system, variations in
noise and measurement interval

The quality of the orbit determination is described by
the covariance matrix of the estimator. Table 1 gives the
complete covariance of the estimator for the standard
case. The first six parameters correspond to those previ-
ously described; the other four are defined in the Table.
Considering that the primary purpose of approach guid-
ance is to pass the planet at some specific position,
o = (02 + ¢2)", the root-mean-square of the standard
deviations about the estimate of the position coordinates,
is used as a figure of merit. Figures 4 and 5 show ¢ as a
function of range. Figure 4 shows the effect of noise as
well as the effect of varying the measurement density.

6000 I
T
100% A g —
4000 t
3 x ANGLE BIAS
STANDARD CASE
2000
I/3 X ANGLE BIAS —
1000 /i
800 /A
600 .
y A7400
400 / / 1ioxAq
‘ //
E /,
6 / /
200 / Z
_—/
/
100 7
80, /
* /
w //
L NO PLANET- CENTER
FINDER BIAS
20 /
10
o ] 2 3 4 ]

A, millions of km

Fig. 5. Accuracy, hypothetical system, variations in bias
and initial conditions
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Table 1. Covariance of the estimator

i jth orbitai parameter Standard deviation

1 G 107.3 km

2 qz 0.0592 mr

3 qs 81.0 km

4 Qe 0.0588 mr

5 qs 152.6 sec

6 Qe 0.00194 km*/sec’

7 Bias on cone angle 0.0309 mr

8 Bias on clock angle 0.0546 mr

9 Center-finder bias in direction of qu 69.6 km

10 Center-finder bias in direction of qa 714 km
Correlations between orbit parameters (p;; — p;:)
ili 1 2 3 4 6 7 8 9 10
1 1 0.427 —0.246 0.141 —0.130 0.347 0.166 0.254 0.970 0.916
2 1 —0.045 0.478 —0.135 0.240 0.596 0.331 0.238 0.287
3 1 —0.585 0.046 0.339 0.174 —0.351 —0.642 —0.881
4 1 —0.237 0.184 —0.336 0.495 0.419 0.152
5 —0.563 —0.208 —0.534 —0.517 —0.592
6 {Symmetric) 1 0.407 0.408 0.287 0.378
7 1 o.n19 0.097 0.059
8 1 0.287 —0.055
9 1 0.181
10 1

Notice that increasing the measurement density has
exactly the same effect as decreasing the noise. Figure 5
shows the effect of angle bias, planet-center finder bias,
and a priori data. Notice that the biases degrade the
orbit parameters when measurements start, but that after
enough data have been accumulated to estimate those
biases accurately, they no longer affect the estimate of
the orbit parameters. The limiting factor on the orbit-
determination accuracy is seen to be the planet-center

finder biases. During the approach phase, the partial
derivatives of observabies with respect to the positions
g: and g, are the same as with respect to these biases,
and so their errors are combined.

Additional results which have been obtained include
the magnitude, optimal spacing, and execution error ef-
fects of approach guidance maneuvers (Ref. 10) and
effects of drifts superimposed on the biases (Ref. 11).
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APPENDIX

Differential Corrections

We require positional differential corrections dr/dq;,

ji=12, -, 6.From Eq. (8), we have
or oS o8
or g% By B-L + Al
0q; °q;  0q; 0q; B (A-D
From Eq. (2), we have
B _000 j=1356
oq;
il ~1,0% ﬁ_o,_l,‘h
°q: g 094 g
oB q:
— =10, A-2
57, g (A-2)
oB_ . 1( k
P g<q2g2+ q‘)
B_ .. 1( k
a0 2%y (q‘g2+ qa)
B o1, B_B_000
0qs g 3qs  0qs

where g = (1 — q2 — ¢?)* and k = q, q. + g5 q..

To obtain the remaining terms of Eq. (A-1), we use
Egs. (8) and (10), recalling that A = n/q., € = ¢/A, and
b* = g% + q2 + k*/g? from which derivatives 0b*/0g;
can be obtained.

Note that
% = 2%933_ = 1,2,3,4
i i (A-3)
g _ b _ ¥
0qs 9qs gic
and

%:2—:‘0% i=1234
i i (A-4)

Je _b

0qs  pc

In differentiating Eq. (8), we shall obtain terms ¢f/dq;,
which can be obtained from Eq. (11), yielding

oF _ 1 1—eVyF—10b®

= i=1234
oq; 2Ace 1—¢f 0q;
OF __ 4" (A-5)
oqs (1 — ef)
b" 1/2
OF _ pce —evhE - ) ~ )

Substituting gives
R A WO U W
oq; 0q;| 2Ae® "~ 2A%?

+(2Aiea)1 P (vr + arvF=T)
i=1,234

s q¥r 1

o7 (bf + a2 VP 1)

s’

0% _28f A _ 1 (apomey
0qs  qe€ s quee‘( f f )

+ Xlz(bzf + Az\/fz——_l)%

gi:l—_l—a[%(l—e\/—’—fz—l) (A-6)
f-evF=T)]
o8 _ b f—VF—I _l—e\/_—_‘fz 1
= e ()
=1,234
B _ _q”f-VP-1
2q; Ae 1 —¢f

22w

oqs

1\ _©oF
e? 0qs
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We may also require 2r/2q;, which can be obtained
from Eq. (5) and is given by

o _ob( f _ VE=1l-eVF=1
0q; 0q; \ 2Ae 2Ae 1-—ef

i=1234
or e
o= P I= (AT)
or A fb? oF
—,==(1 —ef) + *— ~ Aef — 1 —
3q, qs( ef) e e f 3,

The velocity differential corrections r/éq; may be
obtained by the above technique and will not be given
here.

In order to gain some insight into the nature of these
differential corrections, let us examine the trajectory
which passes through the center of the planet. Here we
have b = 0, e = 1, etc. We find

or or

3 =8,00 30 =010
or or _ . )
3as =700 34, 0,0, —r (A-8)
or or o3

=0,80 —=0,0, — =
aq3 B aqe qs

The presence of zeros, especially in the Z-positions of
the g1, g, qs, and q, derivatives and in the X- and Y-
positions for the ¢s and ¢, derivatives, indicates that the
decoupling has been successful. Note that 7 is negative
in the region of interest.

If we are far away from the planet, such that f is
large, a few simplifications occur for the hitting case.
Including the velocity differential corrections, we may
write: 6x = L8q, where 8x is a column matrix with

12

elements (8x, 8x, 8y, 8j, 8z, 8%), Bq is a column matrix
with elements 8¢;, and

M ¢ ¢
L=(0o M o (A-9)
® ¢ N
where
— r
M=(1 f)andN = 29
0 7 1
r__2
P 2ql?

We may easily invert L, and L and L may be checked
by referring to elementary principles.

It remains, finally, to find the derivatives of observ-
ables with respect to the g;. Since the observables, being
angles, are functions only of position, our task is easy.
Let 6 be the angle observed at the spacecraft between
the center of the planet and a star. If U* = (UL, U, U})
is a unit vector from spacecraft to star and R! a unit
vector from spacecraft to planet, then cos § = U'- R
Now, R! = —r/r, where r is the position vector from
planet to spacecraft in our XYZ-system. Differentiating
the above expression with respect to x, using or/ox = x/r,
and assuming that the star is infinitely far away such that
U is not a function of position, we have

UL +§cose

00 (A-10)

x r sin 6

The derivatives with respect to x and y are obtained
similarly.

To obtain 96/9q;, we use

0 20 ox

06 _ o6 ox , 98 oy
oq;  ox 0q;

9y oq;

06 0z

e A1
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NOMENCLATURE*

A Magnitude of semitransverse axis of hyperbola

A Matrix of partial derivatives of observables with respect to orbit
parameters

b Magnitude of semiconjugate axis of hyperbola

B Vector from center of planet to incoming asymptote with magnitude b;

a priori covariance matrix of estimate of biases

Half the distance between the foci of the hyperbola

Specific angular momentum

Twice the specific energy; vis viva

[}

2]
-

Matrix describing linear relationships, biases, and orbit parameters
Diameter of planet

Eccentricity

Hyperbolic cosine of F

Analog of eccentric anomaly for hyperbola

D NMw o amd

Universal gravitational constant
Unit vector in direction of standard T vector
Identity matrix

- e

Unit vector in direction opposite to standard R vector
Normal matrix
Ratio ot first to tenth measurement distance in exampie in Section Iii

Unit vector in direction opposite to standard S vector

M R X e

Matrix of partial derivatives of position and velocity with respect to
orbit parameters

Mass of planet

A submatrix of L

A submatrix of L

Semilatis rectum

Unit vector from focus toward periapsis

Vector of estimated parameters

Orbital parameters; i = 1, 2, -+, 6; biases; i = 7, 8,9, 10

Unit vector in direction of velocity vector at periapsis; vector of

oL a2 wme 2 2R

linear combinations of biases and orbit parameters
r Distance from planet to spacecraft

Rate of change of r

N

r Vector from planet to spacecraft

*Some symbols have been used in more than one way. The proper meaning should be clear from
the context in which the symbol is used.
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NOMENCLATURE (Cont'd)

R Unit vector to complete right-hand system RS T
R* Unit vector from spacecraft to planet
S  Unit vector along incoming asymptote
t Time
T Time of periapsis
T. Linearized flight time
T Unit vector perpendicular to S and in standard reference plane; matrix
of partial derivatives of observables with respect to biases
U! Unit vector from spacecraft to star
X Vector of position and velocity components
X,Y,Z Cartesian coordinate system with basis vectors i, j, k
B8 reB/b?
v, Normalized a posteriori uncertainty in q;
I A posteriori covariance matrix of estimated parameters
8; A priori standard deviation of estimate on g;
#* Measured angle: cone angle, i = 1; clock angle, i =2
® Vector of measured angles
X Standard deviation of noise on measurement type i
A Covariance matrix of noise on measurements
A, A priori covariance matrix of estimated parameters
p Productof Gand M ; p = GM
v Analog of mean angular motion
pi; Correlation coefficient between ith and jth parameters
o; Standard deviation of ith parameter
o, Normalized a posteriori uncertainty in g;
r-S
Supplement of true anomaly along asymptote

b

¢

® A zero matrix
¢ Measured planetary angular diameter
¥

Vector of measured planetary angular diameters
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